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Direct measurements of constrained Brownian motion of an isolated sphere between two walls

Binhua Lin,* Jonathan Yu, and Stuart A. Rice
The James Franck Institute, The University of Chicago, Chicago, Illinois 60637

~Received 22 November 1999; revised manuscript received 2 June 2000!

We report the results of direct measurements, using video microscopy in combination with optical tweezers,
of constrained diffusion of an isolated uncharged PMMA sphere in a density-matched fluid confined between
two parallel flat walls. Our experimental methodology allows us to study the hindered diffusion of the sphere
as an explicit function of its distance from the walls, without interference from sedimentation or from elec-
trostatic interaction between the particle and the walls. The measured diffusion coefficients are used to test the
predictions of the wall drag effect predicted by several approximate theoretical analyses. We find a quantitative
agreement with the behavior predicted using a hydrodynamic analysis that independently superimposes the
wall drag effects arising from each wall. Our results imply, indirectly, that neglect of multiple interactions with
the colloid sphere of the perturbations of the pressure and velocity fields induced by each wall leads to an
underestimate of the influence of the wall on the drag force experienced by the particle.

PACS number~s!: 82.70.Dd, 83.70.Hq, 66.10.Cb, 65.40.1g
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I. INTRODUCTION

When a colloidal sphere suspended in a quiescent flui
close to a flat wall, the Stokes drag force acting on it
increased relative to that when far from the wall and, the
fore, its diffusion coefficient is smaller than that when f
from the wall. The increase of the drag force is attributed
the alteration of the hydrodynamic interaction between
colloid particle and the fluid generated by the boundary c
dition imposed by the nearby wall. The motion of the sph
also becomes anisotropic because the drag force parall
the wall is less than that perpendicular to the wall. Simi
effects occur when a colloidal sphere is confined in a sm
gap between two flat walls.

Although a simple phenomenon, constrained diffusion
an isolated microscopic sphere between two walls provi
us with a model system with which to understand the beh
ior of more complex systems whose boundaries can be m
eled as effective walls. Some examples of those more c
plex systems are fine particles migrating in porous me
macromolecules diffusing in membranes@1#, and cells inter-
acting with surfaces@2#. Constrained diffusion also influ
ences the settling of colloidal particles near fluid-so
boundaries, and other processes that depend on the ba
between inter-particle and hydrodynamic forces@3#. Clearly,
a detailed understanding of the wall-drag effect that acts
an isolated sphere is necessary to distinguish between hy
dynamic effects due to sphere-wall interaction and those
to sphere-sphere interaction.

The basic theoretical analysis of the influence of a
wall ~or walls! on the hydrodynamic drag force acting on
nearby isolated object was developed many years ago.
based on the solution to the linear hydrodynamic equati
obtained under the creeping motion approximation~the
Stokes equations!, and is applicable in the regime of low
Reynolds number hydrodynamics. Because of the linearit
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the Stokes equations, the drag force on the sphere ca
separated into independent components parallel and per
dicular to the wall@4#. Although there are some exact sol
tions to these equations@1,5–8#, these are applicable only t
special particle-wall configurations; they are also comp
cated and difficult to apply. For this reason most investig
tors have analyzed experimental data using approximate
lutions for the modified drag force, based on the so-cal
‘‘method of reflections’’@4,9#. One of the goals of this pape
is to provide a detailed test of the predictions made by th
approximate solutions of the dependence of the diffusion
efficient on the wall-particle separation.

We have been able to measure the diffusion coefficie
of a PMMA sphere parallel to and perpendicular to the wa
as a function of both the distance of the sphere from
walls and the separation of the walls. The results of th
experiments provide a detailed test of the behavior predic
using hydrodynamic analyses of the perturbation of the fl
around a sphere by a nearby wall. Specifically, we find tha
hydrodynamic analysis that assumes an independent su
position of the extra drag effects associated with each w
provides an accurate representation of the experimental d
Our results imply, indirectly, that neglect of multiple inte
actions with the colloid sphere of the perturbations of t
pressure and velocity fields induced by each wall leads to
underestimate of the influence of the wall on the drag fo
experienced by the particle.

Several reports of tests of the available theoretical pre
tions for the influence of hydrodynamic interference on t
behavior of a particle near a boundary have been publish
Consider, first, the case of macroscopic particles. For
ample, an increase in the drag force on a macroscopic sp
moving near a wall implies that the settling rate of a sph
is decreased. This wall effect was investigated directly
using a multiple image technique to film the sedimentation
a nylon sphere~a few millimeters in diameter!, approaching
a bottom plane in a quiescent fluid@5,10–12#. The drag force
on the sphere that is deduced from its sedimentation
agrees very well with that given by Brenner’s exact soluti
for this geometry@see Eq.~6!# @5#.
3909 ©2000 The American Physical Society
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3910 PRE 62BINHUA LIN, JONATHAN YU, AND STUART A. RICE
Consider, now, the case of microscopic particles sub
to Brownian motion. The particle diffusion coefficient, re
resented in the Stokes-Einstein form, can be used to mon
the hydrodynamic wall effects if suitable experiments can
carried out. Colloidal suspensions are ideal for such exp
ments, because the particles are small enough to be subje
Brownian motion, yet large enough that the motion of t
host fluid can be described in the hydrodynamic limit. Se
eral experimental studies of the constrained diffusion of c
loidal spheres near a flat plate or between two flat plates h
been reported, all of which used charged colloids. In mos
these experiments photon correlation spectroscopy was
to obtain the ensemble averaged diffusion coefficient i
dilute solution, by extrapolation of the concentration dep
dence of measurements of the intensity autocorrelation fu
tion @9,13–16#. In some of the experiments the diffusive m
tion of an isolated colloidal sphere was studied by imag
and analyzing its motion using total internal reflection m
croscopy@17,18#, digital video microscopy@19#, reflection
interference contrast microscopy@20#, photonic force mi-
croscopy@2#, and atomic force and optical force microsco
@21#. All of these experiments have shown that the diffusi
of a particle, or particles, near a wall is hindered, and all
the observations are qualitatively consistent with the theo
ical predictions. However, none of the experiments repor
to date provide adetailed directtest of the variation of the
particle diffusion coefficient with distance from the walls.

In this paper we report the results of an experimen
study, using digital video microscopy, of constrained Brow
ian motion of an isolated uncharged PMMA sphere~>1 mm
diameter! confined between two parallel flat walls. Th
PMMA spheres were suspended in a density-matched fl
to eliminate sedimentation. The position of a sphere w
respect to the walls and its diffusion range were control
with optical tweezers. The separation of the walls was m
sured in situ by the use of reference spheres fixed on
walls.

Our experimental method avoids the following difficultie
in the previous experiments. First, in the experiments
ported to date, neither the distance of the colloidal sph
from the boundary nor its extent of motion were controlle
Consequently, the diffusion coefficient was not measured
an explicit function of the sphere-wall separation. What h
been measured, instead, is an average of the diffusion c
ficient along the direction perpendicular to the wal
weighted using a model distribution function for the po
tions of the colloid particles under the influence of both t
walls and gravity@9,14,19#. Moreover, in the analyses of th
data reported to date, despite the use of charged co
spheres, the effect of electrostatic interaction between
charged spheres and the walls was neglected. This ne
compromises the interpretation of the data, because
charged colloid-wall interaction depends on the effectiven
of ionic screening, the existence of charges on the walls,
mobility of those wall charges, etc.@22–24#. Clearly, the
measurements reported test the integrated effect of the
proximity on the particle diffusion coefficient, but not th
distance dependence of that effect.

Second, in all of the reported experiments the size of
confining cavity was assumed to be the same as that of
spacers used to make the cavity. Large errors may be in
duced by this assumption because it is very difficult to fa
ct
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ricate cavities that are a few microns in spacing, and unifo
over a distance of several millimeters. Errors in the c
thickness, hence also the particle distance from a wall,
masked by the integration over particle position used to
terpret the measurements.

II. WALL-DRAG EFFECTS ON AN ISOLATED
CONFINED BROWNIAN SPHERE

A hard sphere with radiusa, moving with velocityU in an
unbounded quiescent fluid of viscosityh, experiences a hy-
drodynamic drag force opposite to its direction of motion.
there is no slip at the boundary between the hard sphere
the fluid, in the low Reynolds number limit this drag force
~Stokes Law!

F0526phaU. ~1!

The diffusion coefficientD0 of the sphere is then given b
the Stokes-Einstein relation

D05
kBT

6pha
, ~2!

with kB the Boltzmann constant andT the temperature of the
system.

When the sphere is close to a flat wall or is confin
between two flat walls, the drag force increases and its
fusion is hindered. Because of the linearity of the Stok
equations, the drag force can be separated into indepen
components for motion parallel and perpendicular to
wall. The expressions for the parallel and perpendicular co
ponents of the wall-drag force are conventionally represen

FIG. 1. Schematic representation of a Brownian particle clos
one flat wall~a! or confined between two flat walls~b!.
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in the form of correction factorsl i andl' , multiplying the
drag force in an unbounded liquid. These expressions ar

Fi526phaUl i5F0l i ~3!

and

F'526phaUl'5F0l' . ~4!

Consequently, the diffusion coefficients for parallel and p
pendicular motion of the sphere relative to the wall are
f
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D i5
kBT

6phl ia
5l i

21D0 ,

D'5
kBT

6phl'a
5l'

21D0 . ~5!

However, even in the low Reynolds number limit, th
exact solutions for the effective wall drag force typically d
not have a closed analytical form, and they are difficult
apply @1,6–8#. One exception is the exact solution forl'

derived by Brenner@5# for a sphere moving near one flat wa
@illustrated in Fig. 1~a!#, namely,
l'
215

D'

D0
5H 4

3
sinha (

n51

`
n~n11!

~2n21!~2n13! F 2 sinh~n11!a1~2n11!sinha

4 sinh2~n11/2!a2~2n11!2 sinh2 2a
21G J 21

, ~6!
e
and

the
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der
wherea5cosh21(z/a) ~z is the distance from the center o
the sphere with radiusa to the wall!.

The most commonly used representations ofl i and l'

are approximate. These representations are derived usin
so-called ‘‘method of reflections.’’ The motion of a sphe
near a wall induces a pressure and velocity distribution in
adjacent fluid. The method of reflections is an iterative se
solution technique that decomposes the velocity and
pressure fields into a linear superposition of terms of suc
sively higher order in the number of wall and sphere bou
ary interactions. The terms in the expansion are constra
to alternately satisfy the boundary conditions on the sph
and on the confining walls~see Refs.@4,9# for details!. The
solutions forl i andl' obtained with this method are usual
expressed as a power series in (a/z). For l' one finds, for a
sphere moving near one flat wall, inclusive of terms to or
(a/z)3 @4#,

l'
215

D'

D0
>12

9

8 S a

zD1
1

2 S a

zD 3

1OS a

zD 4

. ~7!

Using the same method, forl i one finds, for a sphere mov
ing near one flat wall, inclusive of terms to order (a/z)5 @4#,

l i
215

D i

D0
>12

9

16S a

zD1
1

8 S a

zD 3

2
45

256S a

zD 4

2
1

16S a

zD 5

1OS a

zD 6

. ~8!

Frequently, only the first order approximations@4,25#

l i
215

D i

D0
>12

9

16S a

zD1OS a

zD 3

~9!

and @4,9#

l'
215

D'

D0
>12

9

8

a

z
1OS a

zD 3

~10!
the
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are used to analyze experimental data.
Figure 2 displays the predicted values ofD i /D0 and

D' /D0 as functions ofz/a for an isolated sphere near on
flat wall. The differences between the respective exact
approximate values ofD i /D0 and D' /D0 are insignificant
~,1%! when (z/a).1.5. The inset in Fig. 2, plotted in a
log-log representation, magnifies the differences between
correction factors calculated from Eq.~6! and Eqs.~8!–~10!.
The first order approximations, with their appealing simp
forms, are sufficiently accurate except when the spher
very close to the wall.

The method of reflections fails to yield an analytical s
lution for the drag force acting on a sphere located at
arbitrary point between two parallel flat walls@as illustrated
in Fig. 1~b!# except for very limited special cases@4#. For
example, if the sphere is located exactly in the midpla

FIG. 2. Predicted values ofD i and D' for an isolated sphere
near one flat wall, normalized byD0 . The solid and dashed line
are the more accurate values ofD i /D0 andD' /D0 calculated from
Eqs.~8! and~6!, respectively. The solid and dashed lines with sy
bols are the values ofD i /D0 andD' /D0 calculated from the first
approximations given in Eqs.~9! and ~10!, respectively. The inse
with log-log scales magnifies the difference between the first or
approximation and the more accurate results forD i /D0 andD' /D0

whenz/a;1.
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between two flat walls separated a distanced(z5d/2),
Faxen@4# showed that the correction factor for the drag for
due to two walls,l i

II , is given as

~l i
II !215

D i

D0
>121.004S a

zD10.418S a

zD 3

10.21S a

zD 4

20.169S a

zD 5

1OS a

zD 6

. ~11!

Several approximate analyses of the hydrodynamic d
on a sphere situated between two walls have been base
the use of a linear superposition of single-wall effects. T
simplest of these analyses assumes it is adequate toindepen-
dentlysuperimpose the effects of the drag force on the sph
from each wall@4,14#. In this case the drag force on th
sphere,F II ~either parallel or perpendicular to the wall!, is
taken to be the sum of the force on the sphere in an
bounded fluid,F0 , plus the correction terms, at the positio
of the sphere, for each wall as if the other were absent. T
is,

f II5F0l II>F01F0~lwall1
I 21!1F0~lwall2

I 21!

5F0~lwall1
I 1lwall2

I 21!. ~12!

In Eq. ~12!, l II is the two-wall correction factor, and
lwall1

I and lwall2
I are the single wall correction factors. Th

formulation of the drag force is referred to as the linear
perposition approximation~LSA! in this paper. The form
taken byl II is

l II>lwall1
I 1lwall2

I 215l I~z!1l I~d2z!21. ~13!

Figure 3 displaysD i /D0 andD' /D0 as functions ofz/a,
calculated using Eqs.~8! and~6! for l i

I andl'
I , respectively,

for the special case in which the sphere is in the midpl
between the two plates (z5d/2). In this figure we also show

FIG. 3. Predicted values, using the LSA~see text!, of D i /D0

and D' /D0 for an isolated sphere in the midplane (z[d/2) be-
tween two parallel flat walls. The solid and dashed lines areD i /D0

and D' /D0 , respectively, calculated using Eqs.~6! and ~8! as
single wall correction factors. The solid and dashed lines with sy
bols are the results obtained using the first order approximat
@Eqs. ~9! and ~10!# as single wall correction factors. For compa
son, theD i /D0 calculated from the method of reflections@Eq. ~11!#
is plotted as a dotted line.
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D i /D0 as a function ofz/a, calculated using Eq.~11!. The
deviation between the approximate values@using Eq.~13!#
and exact values@using Eq.~11!# of D i /D0 is less than 1%
whenz/a>1.7. This comparison provides a test of the line
superposition approximation.

When the sphere is not very close to the walls, simp
expressions for the two-wall hydrodynamic correction fa
tors can be obtained from the combination of Eq.~13! and
Eqs.~9! and ~10!. It is found that@4#

~l i
II !215

D i

D0
>12

9

16F S a

zD1S a

~d2z! D G1OS 1

z/aD 2

~14!

and

~l'
II !215

D i

D0
>12

9

8 F S a

zD1S a

~d2z! D G1OS 1

z/aD 2

.

~15!

Calculated values ofD i /D0 andD' /D0 using Eqs.~14! and
~15! are also plotted in Fig. 3. When the plate separation
only slightly greater than the sphere diameter, the first or
approximations overestimate the wall effects much m
than the higher order approximations do. Note, however,
whenz/a.4, the error inl i

II is less than 5%.
A seemingly superior approximation for the hydrod

namic drag induced on a particle by the presence of
nearby flat walls is based on the coherent superposition
the influences of the single walls@4,9#. The two-wall correc-
tion factor is, in this approximation,

l II~z!>11 (
n50

`

@l I~z1nd!21#

1 (
n50

`

@l I~nd2z!21#22(
n50

`

@l I~nd!21#.

~16!

This expression, derived forl'
II only @9#, will also be used to

representl i
II in this paper; the resulting expressions are

ferred to as the coherent superposition approximation~CSA!.
We note that in the derivation of Eq.~16! multiple interac-
tions of the perturbations of the pressure and velocity fie
induced by each wall are included, but multiple interactio
of these perturbations with the colloid sphere are not
cluded. That is, it is as if the perturbed fluid flow pass
through the colloid particle freely. An approximation of th
type, when applied to the calculation of the frequency dep
dent friction coefficient for a Brownian particle, is known t
introduce some errors@26#. In particular, it is found that with
this approximation the friction coefficient for the case of s
boundary conditions is overestimated (5phR instead of
4phR), and the frequency dependence of the friction co
ficient for the case of stick boundary conditions is incorre
Figure 4 displays the predicted values ofD i /D0 @using Eqs.
~16! and ~8!# and D' /D0 @using Eqs.~16! and ~6!# for an
isolated sphere confined to the midplane between two wa
Also shown in this figure are the approximations forD i /D0
andD' /D0 , given by the LSA. As shown, when the sep
ration of the two walls is comparable to the diameter of t

-
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sphere the LSA predicts a larger wall-drag force than d
the CSA. The discrepancy has a peak value of about 1
nearz/a;2.

Overall, the parallel and perpendicular diffusion coef
cients of a sphere between two flat walls behave like thos
a sphere near one wall, in the sense that they decrease
become unequal asz/a approaches 1. As expected, for th
same value ofz/a the anisotropy of the diffusion coefficien
is exaggerated when the particle is confined between
walls.

III. EXPERIMENTAL DETAILS

The system studied consisted of a dilute suspension
uncharged PMMA spheres~diameter 0.93mm, density 1.20
g/cm3! confined in a thin glass cell, as depicted in Fig. 5; it
described elsewhere in detail@27#. To avoid aggregation o
the uncharged PMMA spheres induced by van der Wa
forces, the surface of each sphere was covered with an
gomeric brush~;300 Å thick! of poly~3-hydroxystearate!
@28#. The glass cell was constructed from a microscope co
slip and a microscope slide, sealed together with UV se
tive glue and enclosing a very thin cavity~a couple to a few
tens ofmm!. The cell was accessed through two pieces
glass tubing sealed to two holes drilled through the mic
scope slide. The walls of the cell were coated with trih
droxyoctadecysilane~United Chemical Technologies, Inc
PA!. To eliminate the influence of sedimentation on o
measurements, the PMMA spheres were suspended in a
~by weight! sucrose solution~density 1.13 g/cm3!, so that the
rate of sedimentation of a sphere is about 0.01mm/s. Since
the sphere of interest is only free for1

2-s intervals~see be-
low!, sedimentation is sensibly eliminated in our expe
ments.

Our measurements were carried out at temperatures
tween 20 °C60.7 °C and 23 °C60.7 °C. When describing
the results of our experiments, all of the relevant data
plotted in the same figure because they are presented in t
of inverse correction factorsl i

21 andl'
21, which are inde-

FIG. 4. Predicted values, using the CSA~see text!, for D i /D0

~solid line! andD' /D0 ~dashed line! for an isolated sphere in th
midplane (z[d/2) between two parallel flat walls. For compariso
D i /D0 andD' /D0 , predicted using the LSA, are also shown~solid
and dashed lines with symbols, respectively!. The single wall cor-
rection factors given in Eqs.~6! and ~8! are used for calculations
presented in this figure.
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pendent of temperature~see Sec. II!. Though each diffusion
coefficient was measured at a slightly different temperatu
the fluctuation of the temperature during any one meas
ment was less than60.7 °C. However, because it takes 2
min to measure one diffusion coefficient~see below!, this
fluctuation in temperature contributes an error of;4% to the
value of the diffusion coefficient.

We used digital video microscopy to measure the para
and perpendicular diffusion coefficients of an isolat
PMMA sphere near a wall. As illustrated in Fig. 6, our e
perimental apparatus consists of an Olympus BH2 mic
scope with an oil immersion objective (1003,N.A.51.40),
a Hitachi CCD video camera mounted on the microscope
Sanyo GVR-S955 video cassette recorder, and a Macin
computer with an LG-3 digital frame grabber. Real tim
movies of an isolated sphere moving in the cell were
corded via the CCD camera. The analog movies were d
tized through the real-time frame grabber at a rate of
frames per second. Our image process routine, impleme
using the IDL programming language, was developed
Crocker and Grier@29#. Time-dependent trajectories of th

FIG. 5. Schematic diagram of an isolated PMMA sphere c
fined in a thin glass cell. The location of the sphere with respec
the walls is manipulated by optical tweezers. The spheres stuc
the walls are used as reference points to determine the cell spa
and the location of the moving sphere relative to the cell walls.
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3914 PRE 62BINHUA LIN, JONATHAN YU, AND STUART A. RICE
sphere in three dimensions were extracted from a sequ
of digitized images. The pixel size was calibrated by usin
transmission electron microscope grid; the pixel is squa
with a side length of 0.08mm. The imaging process meth
odology developed by Crocker and Grier permits the lo
tion of the sphere center with a precision of 0.2 pixel.

Two features that were implemented in our experim
allowed us to measure the diffusion coefficient as a funct
of distance from a wall directly. As already indicated, w
utilized optical tweezers to control the location of the sph
relative to the walls, and to limit the displacement of t
sphere with respect to the walls. Optical tweezers are form
when a laser beam is directed into the back aperture of a
numerical aperture objective lens, by which means it
brought to a tight focus at the focal plane of the microsco
@30#. The focused beam generates an optical gradient fo
strong enough to trap a dielectric microsphere near the fo
of the beam. Using the optical tweezers we can place
sphere at a specified position relative to the walls. To lim
the displacement of the sphere along the vertical direct
the optical tweezers were turned on and off at a rate of 1
The sphere of interest was thereby captured for 0.5 s, set
for 0.5 s, and then recaptured, etc., for many cycles. Beca
the spheres were suspended in a viscous sucrose sol
(h/hwater53.18), a sphere moved less than61 mm in each
direction in the half a second it was free and, therefore, w
easily recaptured. We found that it was necessary to us
objective with N.A.51.4 to form an optical trap that is
strong enough to capture and recapture a sphere in
middle of a cell thicker than 15mm.

The second feature implemented in our experiments is
direct measurement of both the separation of the confin
walls and the location of the sphere with respect to the wa
The cell spacing was determined as follows. A very sm
fraction of the PMMA spheres stick to the coated cover s
and microscope slide, as illustrated in Fig. 5~a!, thereby gen-
erating natural reference locations on the confining wa
Two PMMA spheres that were stuck to the top and bott
walls, respectively, and located within the field of view (4
350mm2) were used as reference locations for the meas
ments~see Fig. 5!. We determined the cell spacing by me
suring the separation between the top and bottom refere
spheres using the fine focus scale of the microscope.
readings of the separation were taken from the readout
motorized high precision rotational stage~60.02°! mounted
on the focusing knob of the microscope. The repeatability
the measurements of the cell separation is about60.2 mm.
With the help of the reference sphere locations, we de

FIG. 6. Schematic diagram of the experimental apparatus.
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mined that the cell thickness was uniform across the en
field of view.

The distance between a sphere undergoing Brownian
tion and the wall was determined by use of the optical tw
zers. As illustrated in Fig. 5~b!, a sphere grabbed by th
optical tweezers was first brought to the bottom of the c
indicated by the reference sphere, and then moved to
selected distance from the wall.

We note that the colloids and the objective are in me
with different refractive indices~the refractive index of the
sucrose solution,nsol’n , is 1.381, and the refractive index o
the immersion oil used with the objective,noil , is 1.518!.
Consequently, the apparent difference between focal pla
measured directly with the mechanical fine focus control
to be corrected~multiplied! by the ratio of refractive indices
noil /nsol’n51.10; that is, the readings both for the cell spa
ing and the sphere-wall separation have been multiplied
1.10. In addition, because of the mismatch in refractive in
ces, the spherical aberration of the microscope objective
function of the distance of the focal plane from the cell wa
As a result, the reference spheres stuck to the top and bo
of the cell do not ‘‘look’’ the same. Finally, the minimum o
the trap formed by optical tweezers is sensitive to spher
aberration. As the spherical aberration increases, the trap
move downstream relative to the focal plane. We do
know how to characterize the systematic error due to sph
cal aberration near a wall. However, we believe that t
error is no greater than the repeatability of our measurem
~60.2 mm! because the distortion should not introduce
error greater than a fraction of the diameter of the sphere
principle, the variation of spherical aberration with positio
can be eliminated if the refractive index of the suspension
matched to that of the immersion fluid and that of the c
wall.

The diffusion coefficients of the sphere for motion par

FIG. 7. Top: Images of the reference sphere as it is mo
through the focal plane vertically. Bottom: The numerical conv
sion curve used to derive the vertical trajectory from the image s
of the sphere~see text!.
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lel and perpendicular to the confining walls~designated as
thexy plane andxzplane, respectively! were calculated from
the time-dependent trajectoriesx(t), y(t), and z(t). These
trajectories were directly extracted from the successive d
tized images of the colloidal particles in the cell@29#. Since
the area of the projection of a sphere onto thexy plane varies
as it moves in and out of the focal plane,z(t) can be ob-
tained through the relation between the projected area
the distance of the sphere from the focal plane. We de
mined that relation as follows. A movie of the referen
sphere stuck to the wall was recorded as the sphere
moved vertically through the focal plane~the images at dif-
ferent depths are shown in Fig. 7!. The vertical motion of the
reference sphere was affected by the motorized rotatio
i-

nd
r-

as

al

stage mounted on the focusing knob of the microscope.
synchronizing the movie with the motion of the rotation
stage, we correlated the image size of the reference sp
with the vertical displacement of the sphere numerica
This numerical conversion was then used to convert the
age size of the diffusing sphere intoz(t). Since the optical
tweezers limit the vertical motion of the sphere to61 mm,
the portion of the conversion curve actually used for tra
lating image size to the distance of the diffusing sphere fr
the wall is approximately linear, as shown in Fig. 7. Conv
sion curves were constructed for each of the cells used. E
conversion curve was valid for the data that were taken w
cells with gaps within a narrow range~a few mm!.

To study the diffusion of a colloidal particle confined
FIG. 8. Histograms of the displacementsDx, Dy, andDz along thex, y, andz directions for five time steps~from 33 to 165 ms!. The
histograms forDx ~solid line! andDy ~dashed line! are plotted on the same graph~left!; the histograms forDz are on the right. The lines
are the fits of the histograms to Eq.~18!.
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FIG. 8. ~Continued!.
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the midplane between two flat walls, individual sample ce
each with a different spacing, were made by using vari
sizes of latex spheres as spacers. An alternative method
occasionally used to control the spacing between the two
walls. The cell was attached to a vacuum manifold syst
consisting of Tygon tubing and a hand pump. By applyin
slight vacuum through the hand pump, the spacing of the
walls can be reduced threefold to fivefold. However, t
method of adjusting the cell thickness sometimes introdu
a slight but undesired flow of the fluid even though the s
tem is airtight; therefore, it was not used for most of o
measurements.

IV. RESULTS

The diffusion coefficients of an isolated sphere paralle
and perpendicular to the walls of a cell were measured o
a wide range of distances between the sphere and the
fining walls (1mm,z,to 35mm). For each value ofz, two
movies~each 20 min long! of the sphere undergoing Brown
ian motion were recorded. By ‘‘isolated,’’ we mean th
aside from the reference spheres fixed on the confining w
there was only one sphere in an area of 30330mm2. Be-
cause the optical tweezers were set to ‘‘blink’’ at 1 Hz, t
Brownian motion of the sphere was free for only 0.5 s~con-
sisting of 15 consecutive frames, separated by 33 ms
tween successive frames! before being recaptured. This fre
motion is long enough for a calculation of the diffusion c
efficient, and excellent statistics are achieved by accumu
ing more than 2000 repetitions of such motions.

The diffusion coefficient in one dimension, e.g., in thex
direction,Dx , is defined by@3#
,
s
as

at
m
a
ll

s
-
r

o
er
on-

ls,

e-

t-

^Dx2~t!&52Dxt, ~17!

and ^Dx2(t)&, the mean-squared displacement, is obtain
from the probability distribution function

P„Dx~t!…5
1

A2p^Dx2~t!&
expH 2

uDx~t!2xu2

2^Dx2~t!& J .

~18!

The offsetx in Eq. ~18! is included to account for any drif
of the sphere in thex direction due to flow of the fluid in the
experimental cell. In our measurementsx was insignificant
~,0.05mm during 0.5 s!.

The value ofDx was obtained as follows. First, histo
grams ofDx(t) corresponding to different time stepst were
fitted to Eq. ~18!, and ^Dx2(t)& was derived through the
fitting. Then Dx was determined from the linear fit o
^Dx2(t)& to t @Eq. ~17!#. The same method was used
derive the diffusion coefficients along they andz directions.

Histograms ofDx(t), Dy(t), and Dz(t) for five time
steps~from 33 to 165 ms!, extracted from the trajectories
x(t), y(t), andz(t), are shown in Fig. 8. The lines are fit
of the data to Eq.~18! and all the histograms are fit well with
the Gaussian probability distribution function. Figures 9~a!
and 9~b! show ^Dx2(t)&, ^Dy2(t)&, and^Dz2(t)& as func-
tions of t, separately. Note that the data in Fig. 9~b! are
shifted vertically to eliminate an apparent nonzero interc
at t50, which is due to the error in vertical tracking. Th
lines are fits of the data to Eq.~17!. To eliminate any pinning
effect due to the ‘‘blinking’’ optical tweezers, only nine con
secutive frames~out of 15! during the tweezers off period
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were used. Figure 9 indicates that the motion parallel to
confining walls~thex-y plane! is isotropic within our experi-
mental precision (Dx andDy agree within 4%!.

The calculated effective wall-drag forces are expli
functions of the separation of an isolated sphere from
wall and/or walls. In our experiments, because of the Brow

FIG. 10. The measured diffusion coefficientsD i ~solid circles!
and D' ~solid triangles! for an isolated sphere near one flat wa
normalized byD0 . The solid line is the theoretical prediction fo

D̄ i /D0 calculated~not fitted! using Eq. ~8!, averaged using Eq

~20a!. The dashed line is the theoretical prediction forD̄' /D0 cal-
culated ~not fitted! using Eq.~6!, averaged using Eq.~20b!. The
approximate width of the distribution function used in Eq.~20! is
0.25mm.

FIG. 9. Mean-squared displacements^Dx2(t)& and ^Dy2(t)&
@in ~a!# and^Dz2(t)& @in ~b!# as a function oft. Note that the data
in ~b! are shifted vertically to eliminate an apparent nonzero in
cept att50. The lines are fits of the data to a linear function ot
@Eq. ~17!#.
e

t
e
-

ian motion of the sphere, the distance of the sphere from
wall~s! varies with time as the measurements were made
a result, a diffusion coefficient measured is an avera
weighed by the distribution function for sphere-wall sepa
tions. To compare the predicted and measured values o
diffusion coefficient, we compute

D̄ i5E
a

d2a

P~z!D i~z!dz5D0E
a

d2a

P~z!l i
21~z!dz

~19a!

and

FIG. 11. ~a! The measured diffusion coefficientsD i ~solid
circles! andD' ~solid triangles! normalized byD0 , for an isolated
sphere confined in the midplane between two parallel flat wa
compared with theoretical values calculated, not fitted, using

LSA. The solid line is forD̄ i /D0 given by Eqs.~8! and~13!, aver-

aged using Eq.~20a!. The dashed line is forD̄' /D0 given by Eqs.
~6! and ~13!, averaged using Eq.~20b!. The approximate width of
the distribution function used in Eq.~20! is 0.20mm. ~b! The mea-
sured diffusion coefficientsD i ~solid circles! and D' ~solid tri-
angles!, normalized byD0 , for an isolated sphere confined in th
midplane between two parallel flat walls, compared with theoret
values calculated, not fitted, using the CSA. The solid line is

D̄ i /D0 given by Eqs.~8! and ~16!, averaged using Eq.~20a!. The

dashed line is forD̄' /D0 given by Eqs.~6! and ~16!, averaged
using Eq.~20b!. The width of the distribution function used in Eq
~20! is 0.20mm.
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D̄'5E
a

d2a

P~z!D'~z!dz5D0E
a

d2a

P~z!l'
21~z!dz,

~19b!

whered is the spacing of the cell, andP(z) is the distribution
function for sphere-wall separations@14,19#. Because the
density difference between the PMMA sphere and the h
fluid is very small~0.07 g/cm3!, we can neglect sedimenta
tion effects and use Eq.~18! for Dz; we find

D̄ i~z!

D0
5E

a

d2a

P~z82z!l i
21~z8!dz8

5
1

A2ps
E

a

d2a

l i
21~z8!expH 2

uz82zu2

2s2 J dz8

~20a!

and

D̄'~z!

D0
5E

a

d2a

P~z82z!l'
21~z8!dz8

5
1

A2ps
E

a

d2a

l'
21~z8!expH 2

uz82zu2

2s2 J dz8.

~20b!

The data displayed in Fig. 8 imply thats;0.25mm for
single-wall measurements ands;0.2mm for double-wall
measurements, respectively.D̄ is significantly different from

TABLE I. D i /D0 for a sphere near a single flat plane.

z/a Di /D0 ~theory! D̄ i /D0 ~theory! D i /D0 ~data!

2.3 0.77 0.74 0.57
4.7 0.88 0.87 0.81
7.0 0.92 0.91 0.87
12 0.95 0.93 0.94
16 0.97 0.96 0.93
21 0.97 0.97 0.93
28 0.98 0.98 1.0
35 0.98 0.98 1.0
58 0.99 0.99 1.0

TABLE II. D' /D0 for a sphere near a single flat plane.

z/a D' /D0 ~theory! D̄' /D0 ~theory! D' /D0 ~data!

2.3 0.55 0.52 0.48
4.7 0.77 0.76 0.76
7.0 0.84 0.84 0.84
12 0.90 0.90 0.88
16 0.93 0.93 0.91
21 0.95 0.94 1.0
28 0.96 0.96 0.91
35 0.97 0.97 1.0
58 0.98 0.98 0.95
st

D when z/a approaches 1, but whenz/a>4 the difference
betweenD̄ andD drops to less than 1%.

The most important limitation to our experimental prec
sion whenz/a.4 arises from the fluctuation in temperatu
~60.7°!, which generates a 4% uncertainty in the diffusi
coefficient. Whenz/a,4, the uncertainty in the diffusion
coefficient increases to;10–20 %. This increase in exper
mental uncertainty arises because the error due to the re
ability of the measurements of the separation~the separation
the center of the sphere from the wall,Dz>60.2 mm, and
the wall-separationDd>60.2 mm! is larger ~relatively!
whenz/a,4. The measured diffusion coefficients, with the
associated error estimates, are displayed in Figs. 10 and

We first examine the results for the diffusion of a sphe
near one wall. Cells with a spacingd from about 10 to 65
mm were used. In this range ofd/2a(;10– 66) the predicted
values for the diffusion coefficient of a sphere interacti
with two walls differ by less than 4% from that ford/2a
5`, which is less than our experimental precision. For t
reason, the data from all these cells were combined toge
and were considered to be that for a sphere confined near
wall. Figure 10 shows the measured values ofD i /D0 and
D' /D0 as a function ofz/a for an isolated sphere confine

TABLE III. D i /D0 for a sphere confined in the midplane b
tween two flat walls.

z/a
D i /D0

LSA
D̄ i /D0

LSA
D i /D0

CSA
D̄ i /D0

CSA
D i /D0

data

2.0 0.57 0.54 0.64 0.59 0.64
2.7 0.66 0.65 0.73 0.72 0.73
4.7 0.79 0.79 0.84 0.84 0.69
6.0 0.83 0.83 0.87 0.87 0.83
6.9 0.85 0.85 0.89 0.89 0.85
9.8 0.89 0.89 0.92 0.92 0.86
16 0.93 0.93 0.95 0.95 0.91
19 0.94 0.94 0.96 0.96 0.97
23 0.95 0.95 0.97 0.97 0.94
30 0.96 0.96 0.97 0.97 0.96
41 0.97 0.97 0.98 0.98 0.96
77 0.99 0.99 0.99 0.99 0.95

TABLE IV. D' /D0 for a sphere confined in the midplane betwe
two flat walls.

z/a
D' /D0

LSA
D̄' /D0

LSA
D' /D0

CSA
D̄' /D0

CSA
D' /D0

data

2.0 0.31 0.28 0.37 0.34 0.29
2.7 0.43 0.41 0.50 0.47 0.34
4.7 0.62 0.62 0.69 0.69 0.64
6.0 0.69 0.69 0.76 0.76 0.70
6.9 0.72 0.72 0.78 0.78 0.71
9.8 0.80 0.80 0.85 0.85 0.86
16 0.87 0.87 0.90 0.90 0.85
19 0.89 0.89 0.92 0.92 0.92
30 0.93 0.93 0.95 0.95 0.97
41 0.95 0.95 0.96 0.96 0.96
77 0.97 0.97 0.98 0.98 0.95
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near a single wall, compared with the values calculated fr
Eqs. ~8! and ~6!, respectively, for the range;2.1,z/a
,54. The in-plane diffusion coefficientD i is the average of
Dx andDy . As shown in Tables I and II, for a sphere 1mm
away from the wall (z/a;2.1) the measured values ofD i

andD' drop to;0.57D0 and 0.48D0 , respectively. When a
sphere is about 9mm away from the wall (z/a;19) it be-
haves like a free Brownian particle within our experimen
precision. Our data agree with the theoretical predictio
within the experimental precision.

We now examine the results for the diffusion of a sph
confined in the midplane between two walls (z>d/2). Fig-
ure 11 shows the measured values ofD i /D0 andD' /D0 for
the range;2.0,z/a,78, and Tables III and IV list the
experimental and theoretical values forD i /D0 andD' /D0 .
Whenz/a;2.0, the measured values ofD i andD' drop to
;0.64D0 and 0.29D0 , respectively. Whenz/a.20, a sphere
behaves like a free Brownian particle within our experime
tal precision. A comparison of the measured and predic
diffusion coefficients using the LSA@with Eqs.~6! and~8! as
single wall correction factors# is shown in Fig. 11~a!, and a
similar comparison using the CSA@also with Eqs.~6! and~8!
as single wall correction factors# is shown in Fig. 11~b!. We
note that the values ofD i calculated using the linear supe
position approximation are very close to those given by F
en’s analytical solution@see Eq.~11! and Fig. 3#.

In the range 4.7<z/a<16, our data appear to agree mu
better with the values calculated using the LSA than th
calculated using the CSA. Forz/a<2.7, the uncertainty in
the measured values of the diffusion coefficients prevent
from discriminating between the different theoretical pred
tions. Forz/a>19 the differences between the values of t
r,
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diffusion coefficients predicted using the LSA and the CS
are less than our experimental precision.

V. SUMMARY

We have demonstrated that digital video microscopy,
combination with optical tweezers, provides us with
method to directly determine, for an isolated Brownian p
ticle confined between two flat walls, the diffusion coef
cients parallel and perpendicular to the walls. The metho
based on tracking, and then analyzing, the time-depen
trajectory of the sphere. Our results yield these diffusion
efficients as an explicit function of the separation of t
sphere from a wall. Overall, for the case of a sphere confi
between two flat walls, our results are in quantitative agr
ment, within the experimental precision, with the behav
predicted using a hydrodynamic analysis that independe
superposes the wall drag effects arising from each wall. O
results imply, indirectly, that neglect of multiple interaction
of the perturbations of the pressure and velocity fields
duced by each wall with the colloid sphere leads to an
derestimate of the influence of the wall on the drag fo
experienced by the particle.
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